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INTRODUCTION
In recent years, it has become clear that a quantum mechanical model of Majorana fermions with a random interaction (Sachdev-Ye-Kitaev model), the holographic description of the Jackiw-Teitelboim dilaton gravity, open string theory and some other models lead to the same effective theory with the Schwarzian action
where S 1 is the unit circle, and Sch (f, t) =
is the Schwarzian derivative.
In some approximations, these physical models turn out to be reparametrizationinvariant. And it is the reason of the appearance of the common effective dynamics given by the SL(2, R)-invariant action (1) .
One can observe a real explosion of interest in the Schwarzian theory and the models leading to it, especially because of their expected chaotic behaviour. The list of the papers studying the mentioned theories includes, but is not confined to, [3] - [55] , and it will not rest here.
Functional integrals in the Schwarzian theory are integrals of the form
over the space F of one-time differentiable functions f on the unit circle (f ′ (t) > 0) . After the substitution f (t) = − cot πϕ(t) , it is turned into the group of diffeomorphisms Dif f 1 + (S 1 ) , and the integral (2) is written as
The group nature of the space of integration may lead someone into temptation to consider some mathematical constructions as invariant measures. However, it is well known that invariant measures analogous to the Haar measure on finite-dimensional groups do not exist for noncompact groups [56] .
In particular, the "continual product" (see, e.g., [57] , [58] )
is a symbolic form of a generalized left-invariant Haar measure on the group Dif f 1 . It is not a countably additive measure in the rigorous sense! And all the results obtained by manipulating this expression have a heuristic character only. Here, one has a complete analogy with nonexistence of the Lebesgue measure on infinite-dimensional linear spaces. In this case, one is to use Gaussian measures (for example, the Wiener measure) [59] .
In the seminal papers [26] , [28] , [30] , as well as in the more recent ones studying correlation function in two-dimensional gravity [42] , [44] , [53] , the problem of evaluating functional integrals of the form (2) is reduced, in some way or another, to integration over the Wiener measure. The most popular approaches are to substitute functional integration in the 1D
Liouville model [60] or that in the theory of a non-relativistic particle on the hyperbolic upper-half plane placed in a constant magnetic field [61] , [62] for functional integrals (2) .
At the same time, although there is no Haar measure on the groups of diffeomorphisms [63] - [65] . The quasi-invariance means that under the action of the subgroup, the measure transforms to itself multiplied by a function parametrized by the elements of the subgroup (the Radon-Nikodim derivative).
Formally the measure on Dif f 1 + (S 1 ) can be written as
The measure on the group of diffeomorphisms of the interval Dif f 1 + ([0, 1]) has the additional factor depending on the ends of the interval:
Note that the second and third derivatives in (4) and (5) are understood in a generalized sense, similar to the first derivative in the formal expression for the Wiener measure
on the space of continuous functions on the interval.
Indeed, the measures (4) and (5) are generated by the corresponding Wiener measures w σ (dξ) under some special substitution of variables ϕ = ϕ(ξ) , and there is the equality of functional integrals
(see appendix A for details).
The idea to use quasi-invariant measures is a very fruitful one. Decades ago, I. M. Gelfand with collaborators used quasi-invariant measures to construct harmonic analysis on infinitedimensional groups. The property of quasi-invariance is also helpful for calculation of various functional integrals.
In [1] , [2] , we explicitly evaluated some nontrivial functional integrals using the quasiinvariance of the measures (4) and (5) . Here, we complete the elaboration of Schwarzian functional integrals calculus that may be applied to a wide variety of problems. To illustrate it, we evaluate functional integrals over the quotient space Dif f
two-point and four-point SYK correlation functions.
In our approach, all points of the circle S 1 give a nonzero input into the integrals for correlation functions. It leads to some nontrivial physical results. In particular, neither time-ordered nor out-of-time-ordered four-point correlation function is represented in the form of a product of two two-point correlation functions. Since mathematical facts used here may be unfamiliar to some readers, to make our results easily verifiable we present the main steps of calculations in detail, and also add some material of mathematical character in appendicies. In this paper, we expand on our unpublished work [66] .
In section II, we derive the simple universal rules of reducing functional integrals over the measure (5) with integrands locally depending on the elements of the group Dif f In section III, the method is applied to SYK-like correlation functions defined as functional integrals over the space Dif f 1 + (R) . The results have the same behaviour as the correlation functions obtained in other papers, including [26] , [28] .
In section IV, we present the approach to functional integration based on the quasiinvariance of the measure (4), and also define functional integrals over the quotient space
In section V, we explicitly evaluate the functional integrals over Dif f
assigning two-point and four-point correlation functions of the SYK model on the unit circle. The result is expressed in the form of ordinary multiple integrals that can be analyzed numerically.
In section VI, we discuss the difference between correlation functions obtained by functional integration over the group Dif f 1 + (S 1 ) and that over the group Dif f 1 + (R) , and remark on its physical implications.
II. SPLITTING THE INTERVAL MULTIPLIES FUNCTIONAL INTEGRALS
First we consider the functional integral of the form
After the substitution (A1), it is transformed into
It is convenient to split the interval 
Now the exponent of the Wiener measure is written as
Due to the Markov property of the Wiener process ξ(t) , the measure w σ (dξ) turns into the product of the two measures
To return to the integrals over the group of diffeomorphisms, define the functions
In this way, we get
The functions ϕ and ψ (and their derivatives) are related by the following equations:
and
In particular, the arguments in the integrand are
Now we can represent all functional integrals with integrands depending on ϕ(t 1 ), ϕ ′ (0),
in a similar way. To this end, we define the basic functional integral:
and rewrite the functional integral (12) as
Instead of the variables (u 0 , v 0 , u 1 , v 1 ) , it is convenient to use the variables
Eqs. (17) and (18) lead to
Thus, in this case, we get the transparent rule of the functional integration
If the integrand Φ depends on values of the function ϕ and its derivative ϕ ′ at other points t 1 , t 2 , ... t k of the interval, we can continue the described procedure
and obtain the generalization of (21)
In this case, the Jacobian of the substitution is
Note that (19) is the only one functional integral we need to evaluate. In [2] , we performed the functional integration explicitly and represented the functional integral (19) in the form of the ordinary integral:
Now the functional integrals (21) and (22) are reduced to ordinary multiple integrals.
III. FUNCTIONAL INTEGRALS OVER THE SPACE
To demonstrate the way of evaluating functional integrals over Dif f 1 + (R) we consider integrals of the form
with SL(2, R)−invariant integrands.
First of all we note that SL(2, R) is not a subgroup of the group Dif f
At the same time, the subgroup P = A N of SL(2, R) consisting of transformations f → af +b (see [67] , ch. III, par. 1) is a subgroup of Dif f 1 + (R) . Since the group P is noncompact, to obtain a finite result one should integrate over the quotient space Dif f 1 + (R)/P . One can factorize the integration space and exclude the non-relevant degrees of freedom in different ways. For example, one can fix the "gauge" and put values
Now we consider the two-point correlation function
Due to the Markov property of the Wiener measure, it can be rewritten as
Instead of transforming the Wiener integral (25) to the functional integral in Liouville theory as it was proposed in [26] , [27] , we re-scale the time variable t = τt and substitute
In terms of the function ϕ(t) = Dif f 1
Now we use the explicit form of the function E (23). After the substitution
we can integrate with the help of the table of integrals [68] . The result is
In the case n = 2, it looks like
The asymptotic forms of G
and at τ → 0
immediately follow from (28) . They are the same as those obtained in [26] , [28] .
In the same way, we can explicitly evaluate functional integrals for other correlation functions in this theory.
In particular, for
The OTO four-point correlation function is given by (0 < τ 1 < τ 2 < τ 3 )
Thus we reproduce the results for correlation functions obtained in [26] , [28] and in some other papers, although in a slightly different form.
IV. QUASI-INVARIANCE OF THE MEASURE AS A KEY TO FUNCTIONAL INTEGRATION
Now we turn to functional integrals over the group Dif f 
The quasi-invariance of the measure (5) with respect to the left action of the subgroup 
In what follows, we assume the function g to be
In this case,
and the equation (35) looks like:
Denote
Thus the integral
is transformed into
For the function g α given by (36) , the inverse function is
Generally speaking, the functional integrals (41) converge for 0 < α < π , and diverge for α = π . The point is that the Schwarzian action is invariant under the noncompact group of linear-fractional transformations.
The group SL(2, R) is turned into the subgroup of Dif f 1 + (S 1 ) by linear-fractional trans-
Therefore the measure (4) is SL(2, R) invariant.
To obtain finite results for functional integrals, one should factor the infinite input of this noncompact group out, that is, one should integrate over the quotient space
To this end, we propose first to evaluate regularized (α < π) functional integrals over the group Dif f 1 ([0, 1]) (with the ends of the interval glued (34) ) and then to normalize them to the corresponding integrals over the group SL(2, R) . Thus, for an integral J α of the form (40), we define the renormalized functional integral J R as the limit
where ϕ z ∈ SL(2, R) and dν H is the invariant Haar measure on SL(2, R) .
, the denominator is proportional to the regularized volume of the group SL(2, R) explicitly evaluated in [2] :
The two-point SYK correlation function < G(t 1 , t 2 ) > SY K given by the functional integral
is a typical example.
After the substitution f (t) = − cot πϕ(t) it is rewritten as
To regularize the functional integral, we substitute α for π in the exponent in (43) . Now it takes the form (40) .
For the factor (ϕ
in the integrand of (43) , we have
Thus the functional integral for the two-point SYK correlation function (43) is transformed into
. (45) Note that the integral (45) is invariant under the shifts of the variable t (that is, under the choice of the point on the S 1 corresponding to the left end of the interval [0, 1]):
in the integrand of (45) is SL(2, R)-invariant.
Hence, for renormalized SYK correlation functions, we have
The renormalization excludes the singularity (π − α) −1 in the functional integrals (46), and we get the finite results for SYK correlation functions.
V. CORRELATION FUNCTIONS IN SYK MODEL ON THE CIRCLE
The renormalized two-point SYK correlation function looks like
In terms of the ordinary integrals, (47) has the form
After the substitutions
the integrals over x 0 and y 1 are transformed into the integral
Using the table of integrals [68] (eq. 2.2.9.8), we obtain the result:
For n = 2k, k = 0, 1 ... , we can also use eq. 2.2.9.12 of [68] , and rewrite the result in the form
where b is given by (51).
In the similar way, we can write the time-ordered (TO) and the out-of-time-ordered (OTO) renormalized four-point correlation functions:
where
The only difference between (57) and (58) is in the dependence of the integrands on the variables z i .
Neither the OTO four-point correlation function nor the TO four-point correlation function has the form of the product of two two-point correlation functions.
Now we express the four-point correlation functions in the form convenient for numerical analysis.
whereχ
Using the general rule (22) we can write any n−point correlator in the same way.
Note that one can evaluate correlation functions in SYK model on the circle and exclude the non-relevant SL(2, R) degrees of freedom in another way, e.g., fixing the three values ϕ(0) = 0 , ϕ ′ (0) = 1 , ϕ (t * ) = ϕ * with an arbitrary t * ∈ (0, 1) . In this case, one simply add the corresponding δ-functions as the factors in the integrand, and use (22) .
VI. CONCLUDING REMARKS
The paper completes the elaboration of Schwarzian functional integrals calculus initiated in [1] and [2] .
The general rules derived here give a straightforward scheme that does not use any diagrammatic technique, and does not appeal for the experience from other physical models.
The great merit of our approach is that it reduces various problems to the evaluation of the functional integral (19) only. It is evaluated explicitly and is written in the form of the ordinary integral (23) . Hence, the evaluation of other functional integrals of the form (22) leads also to ordinary (multiple) integrals.
The results of functional integration over the groups of diffeomorphisms of a circle (even of infinite radius) and of an infinite straight line differ significantly, contradicting a naive physical intuition.
Indeed, using the method described here, one can easily evaluate functional integrals over the group Dif f Gluing the ends of the interval together turns the measure µ σ (dϕ) and the corresponding Wiener measure into conditional measures (see appendix A). As a consequence of the nonMarkov property of the measure (4) on the group of diffeomorphisms of the circle, the regions with t > t 1 (for < G 2 (0, t 1 ) > R SY K ), and with t > t 3 (for < G 4 0, t 1 (2) ; t 2 (1) , t 3 > R SY K ) give the nonzero inputs into the integrals for correlation functions, and neither time-ordered nor out-of-time-ordered four-point SYK correlation function is represented in the form of a product of two two-point correlation functions, in contrast to correlation functions (25) , (32), (33) . If one considers t as a time variable, then one can say that the present is influenced by the future.
The correlation functions given as the functional integrals over Dif f 1 + (R)/P were evaluated in many papers (see, e.g., [26] , [27] , [28] , [33] ). The results for correlation functions defined as functional integrals over Dif f 
the measure µ σ (dϕ) on the group Dif f 
In this way, we obtain the relation between functional integrals (7).
The Wiener measure (6) is also quasi-invariant under the right action of the group of diffeomorphisms (f ∈ Dif f 3 + ) on the space of continuous positive functions ( x ∈ C + ([0, 1]) or x ∈ C + (S 1 ) ) [69] , [65] (see also [70] ):
x → f x , (f x)(t) = x f −1 (t) 1
In [71] , we demonstrated the stratification of the space C + into orbits with different values of Dif f We can apply (21) to the function E(u, v) given by (19) . In this case, we have the convolution rule for two E functions: 
